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The probabilistic approach used by the author in a preceding paper [Acta Cryst. A31, 252-259] for 
deriving the sign of quartet relations is used to obtain formulae which take terms of order 1/N 2 into 
account. Experimental tests show that the overall reliability of the quartets is better estimated by these 
formulae, but does not reach the reliability of the triplets. Probabilistic formulae are then rescaled by 
suitable empirical factors. The new expressions lead to an improvement compared both with theoretical 
formulae and with the empirical [Schenk (1975). Acta Cryst. A31, 259-263] method: what is more 
significant, the new quartets are almost always found to be more reliable than triplets. 

Introduction 

Recently several papers have been devoted to the 
estimate of the cosine invariant 

COS ( ~ h  "~- (/)k -~- (/91 - -  ~0h + k + l) • 

Schenk (1973a) compared the reliability of the relation 

~ h  -t- ~ k  -JF @1 - -  (19h + k  + 1 : 0 

as a function of 

E4= N-11EhEkE~Eh + k + ll 

x { l+  Eh+k+Eh+'+Ek+ ' }  
Eooo - ,  (1) 

with that of the ~2 relationship as a function of 

E3= IEhEkEII/VN . 

From a probabilistic point of view Hauptman (1974a) 
derived a negative cosine invariant expression, subject 
to the condition IEh+k[ ~--IEh+ll ~ IEk+ll ~_0: 

It(B) 
cos ((Oh + ~Ok + (,0,-- ~h+k+ , )  = Io(B) ' 

where B=2lEhEkEiEh+k+l[/N and 11 and l0 are the 
modified Bessel functions of order one and zero. 

Schenk & de Jong (1973) and Schenk (1973b, 1974) 
proved from semi-empirical observations that negative 
quartets and quartets of the special type (h = k) are very 
useful in finding the correct solution from a set of ~z 
solutions in symmorphic space groups. A probabilistic 
theory of these special quartets in P1 and P ]  was 
given by Giacovazzo (1974a, b). 

Hauptman (1974b) gave in P 1 a probabilistic theory 
of the general cosine invariant cos (0h+0k+(191-- 
CPh+k+l) subject to no restrictive conditions. This 
theory leads to an estimate for the value of the cosine 
which may lie anywhere between - 1  and + 1. 

Independently and by a different mathematical 
approach Giacovazzo (1975a) derived in P ]  probabilis- 
tic expressions for quartets which can in principle re- 
place former formulations. The reliability of the chief 
formulae derived in this paper was explored by Schenk 
(1975) who proved that the new expressions: 

(a) lead to an improvement compared with the 
empirical estimate of the reliability of the negative 
quartets (Schenk, 1974) 

(b) over-estimate the probability of the strongly 
defined positive quartets. 

The aim of this paper is to improve the theoretical 
results previously described (Giacovazzo, 1975a, re- 
ferred to as paper l) from two points of view: 
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1. The probabilistic theory described in paper I 
leads to expressions correct up to and including terms 
of order N -3/z. It was found that the variance of the 
sign relationships is sensitive to the terms of higher 
order when IEh+kl,lEh+,l,lEk+,l are large and N is 
small. It was explicitly stated that some role may be 
played in these conditions by the terms of order 1/N z. 
We wish here to estimate the significance of these terms 
in order to put on an absolute scale (i.e. on the same 
scale as the triplet relationships) the probability levels 
provided by the theory. 

2. Special quartets (h=k)  have been already treated 
(Schenk & de Jong, 1973; Schenk, 1973b; Giacovazzo, 
1974a, b) solely in order to derive an estimate of the 
cosine invariant 

(,Oh + k -t- ~ h  -- k - -  2~Oh = 7"6. 

Recently (Giacovazzo, 1975b) the distribution func- 
tions of special quartets of type 2h, h, k , h - k  have been 
successfully employed for strengthening the ~ rela- 
tionship. As formulae for general quartets may be 
inadequate for special quartets, presumably the intro- 
duction of special formulae for special quartets will 
further strengthen the overall theory of quartets. 

The mathematical  approach 

In paper I we introduced, for the seven variates 

EI = Eh,  E ,  = Ek,  Ez = E, ,  E4 = G + ~, 

Es=Eh+l, E6=Ek+I, ET=Eh+k+l , 

the characteristic function (Giacovazzo, 1975c) 

C(Ul, b/2, l/3,. . .  , 117) = exp { -½(u~ + u~ + . . .  + u.~) } 
x {1 + S3/t 3/z q-(S4/t z q- S~/2t3)+(Ss/t 5/2 + $3S4/t 7/z 
q- $3/6t 9/z) + (S6/I 3 q- S~/2I 4 q- 8 3 8 5 / / 4  -k- S~$4/2t 5 
+ $4/24t 6) + . . .  }, (2) 

where u~, i=  1 , . . . , 7  are carrying variables associated 
with E,, t = N/2, 

2 r s . ,  ,w 
S~ = t ~, rV-.-.-.~.- - ~ w ! (iul)'(iUz)~. . . (iu7) TM 

r+s+... +w=v 

and 
K~S...W 

2rs... w m(r+s+ .. .  +w)/2 ° 

Krs... w are the cumulants of the distribution and m is 
the order of the space group. The probability distribu- 
tion function P(Eh, Ek, Ei, Eh+l,,Eh+,,Ek+l, Eh+k+O 
was found by taking the Fourier transform of (2). For 
the sake of brevity cumulants of order 1/N z (i.e. S6/P + 
S]/2t 4 + $3S5/t 4 + S~$4/2t 5 + $4/24t 6) were neglected. 

1 
P+ ~ ½ + ½ tanh ~ lE~EzE3ET[ . (EZ4 + EZs + EZ6- 2) , (3) 

1 
P+ - 3 + ½  tanh ~r-[EIEzE3ETI 

(E24 + EZ + E~- 2) 
1 + 4(El + E~ + E~-3)/N' 

1 
P+ ~½+½ tanh N IGEzGETI 

× [(E4 2 +  z z Es + E 6 -  2) + 6E4EsE6/[/N] 
- { 1 - [H,(E4) + H4(Es) + H,(E6)]/8N 
+ 4[E4 z + z 2 E5 + E 6 -  3]IN + 60E, EsE6/N[/N} . 

(4) 

(5) 

In the case when only two cross-vectors are present 
(i.e. E4 and Es), we obtained 

1 
P+ _½+½ tanh ~ IE, EzE3ETI (EZ4+ E~-1)  , (6) 

1 
P+ ~½+½ tanh ~ IE1E2E3ETI 

(EZ-t- E Z -  1) 
1 +4[E z + E ~ -  2]/N-" (7) 

As the probability distribution is an asymptotic series, 
(3), (4), (5) and (6), (7) represent various levels of ap- 
proximation correct to the degree we choose. 

In order to verify the sensitivity of the probabilistic 
formulae to the terms of order higher than 1/NI/N, we 
calculate the contribution of the cumulants of order 
1/N z. 

In the case when three cross-vectors are present in 
the set of measurements we obtain 

P+~-½+½ tanh { I  IE1EzE3ETI . Q-} , 

where 

R 2 2 = E , +  Es+ E~-  2 + 6E4EsE6/ ( N  
+[(E4 z -  1) (E5 z -  1)+ (E4 z -  1) (E~- 1) 

+(E5 z -  1) (E~- 1)]/N-[H6(E4)+ H6(Es) + H6(E6) 
+ H4(E4) (E~ + E~ + 7) + H4(E5) (E4 z + E~ + 7) 
-at-" H 4 ( E 6 )  ( E 4  2 + E 2 -Jr- 7)]/8N, 

(8) 

Q =  1 - [H4(E4) + H4(Es) + H4(E6)l/8N 
+ 4[E42 + 2 2 E5 + E 6 -  3]/N + 60E4EsE6/N VN + [H6(E4) 
+H6(Es)+H6(E6)]/18NZ+9[E?,+ z 2_ E s + E 6  2]/N 2 

+ [Hs(E,) + Hs(Es) + Hs(E6) + 2H4(E4)H4(Es) 
q- 2 H4( E4) H4( E6) -}- 2 H4( Es) H4( E6) ]/128 N z 
q2 52[(E4 z_ 1) ( E ~ -  1) +(E4 z -  1) (E6 z -  1) 
+ ( E ~ -  1) (E~- 1)]/N2-4[H4(E4)+ H4(Es) 
-b H4(E6)]/3N 2 . 

Probabilistic results 

Let us denote by P+ the probability that EhEkE, Eh+k+l 
is positive" in case three cross-vectors are present in the 
set of measured refiexions we obtained in paper I" 

In the case when only two cross-vectors are present 
(i.e. E4 and £:5) we find 

P+~-½+½tanh{NIE1E2E3E71.-~, }, (9) 



76 A N  I M P R O V E D  P R O B A B I L I S T I C  T H E O R Y  I N  P1  

where 

R'  2 2__ = E 4 + E s  1 +[(E42-1)  (E2s-1)]/N2-[H6(E4) 
+ H6(Es) + H4(E4) (E~ + 8) + H4(Es) (E~ + 8)]/8N 2, 

Q ' =  1 -[H4(E4) + H,(Es)]/8N + 4(E~ + E ~ -  2) /N 

+ [H6(E4) + H6(Es)]/18N 2 + 9(E~ + E l -  1)/N 2 

+ [Hs(E4) + Hs(Es) + 2H4(E4)Ha(Es)l/128N 2 
+ 5 2 ( E ~ -  1) (E2s - l)/N2-4[H4(E4)-b H4(Es)]/3N 2. 

The role of the special quartets 

Special quartets of  type 2h, h , k , h - k  have been in- 
vestigated by Giacovazzo (1975b) for strengthening ~.1 
relationships. Probabilistic considerations led to 

P+(E2hE,,EkEh-k)~ ½+3 tanh 1 IE~EhEkEh-kl 

× E~h-k+EZh+k--  1 (10) 
1 +4[E~h-k  + E~+k-- 1]/N " 

As may be noted, the second of  the cross-vectors 
h + k,h,  2 h -  k coincides with a vector which is part  

of  the quartet .  Unlike formulae for general quartets,  
IEhl is not  relevant in (10) for defining the positivity or 
negativity of  the quartets.  Let, for example, 

IE2hl = Ighl = lgkl = Igh-kl = 2-5,  

IE2h_kl = IEh+kl = 0 " 5 ,  N = 4 0 .  

The application of  (10) suggests a negative quartet  
(P+ ~0 .39) ;  on the contrary (4) suggested a strongly 
positive quartet  ( P + _ 0 . 9 4 ) .  The number  of  special 
quartets is a small percentage of  the observable 
quartets :  the reliability of  the quartet  theory, never- 
theless, may  be improved if special and general quar-  
tets are distinguished [see the calculations in Giacovaz- 
zo (1975b)]. Because of  the formal  likeness of  (7) and 
(10) we will use hereafter for special quartets the same 
formulae as for quartets in which one cross-vector is 
not  in the set of  measured reflexions. 

Calculations 

Triplets and quartets may  be used simultaneously in 
the procedures for crystal structures solution on condi- 

Table 1. Number of relations (nr) and percentage of  correct relations of triplets and negative quartets 
for a 20-atom model structure 

The negative quartets are given when only two cross-vectors are within the set of measurements. 

Tanh 
arg. Triplets 

nr~J % 
0.4 1315 97.9 
0-6 1314 97-9 
0.8 1213 98.8 
1.0 995 99.7 
1.2 765 99.7 
1.4 557 100 
1.6 395 100 

Negative 
Negative Negative quartets Negative 

quartets (6) quartets (9) (emp. meth.) quartets (11) 
nr % n~ % nr % nr % 
1400 85"7 2420 81"2 228 96"5 684 91"8 
257 95-3 601 93.3 16 100 84 95.2 

32 100 136 91"2 4 100 
25 100 

Table 2. Number of  relations (nr) and percentage of correct relations of  triplets and negative quartets 
for a 20-atom model structure 

The negative quartets are given when all three cross-vectors are within the set of measurements. 

Negative 
Tanh Negative Negative quartets Negative " 
arg. Triplets quartets (3) quartets (8) (emp. meth.) quartets (12) 

nr % nr % nr % nr % nr % 
0"4 1315 97"9 3500 91.2 4952 88.0 3600 92"3 1680 96-9 
0.6 1314 97.9 1835 98.0 3719 92.8 1440 98.1 660 99"4 
0.8 1213 98.8 784 100 2560 96.1 480 100 284 100 
1.0 995 99.7 344 100 1503 98.9 188 100 116 100 
1.2 765 99.7 164 100 804 100 92 100 56 100 
1.4 557 100 84 100 476 100 32 100 24 100 
1-6 395 100 28 100 277 100 20 100 12 100 
1.8 268 100 20 100 164 100 4 100 
2.1 144 100 4 100 101 100 
2.4 84 100 28 100 
2-7 50 100 20 100 
3"0 30 100 8 100 
3-5 12 100 
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t ion  tha t  the  signs o f  the  tr iplets  a n d  o f  the  quar te t s  
have  the same  rel iabil i ty.  In  o rde r  to check  this cond i -  
t ion  we pay  a t t en t i on  to two  re levan t  obse rva t ions :  

(a) the  n u m b e r  o f  quar te t s  for  w h i c h  two  cross-  

vectors  a lone  are  in  the  set o f  m e a s u r e d  reflexions m a y  
be a h igh  pe rcen tage  of  the  observab le  quar te ts .  

(b) the n u m b e r  of  negat ive  quar te t s  is smal l  com-  
p a r e d  wi th  the  n u m b e r  o f  the  posi t ive  ones.  The i r  use, 

Tab le  3. Number of relations (nr) and percentage of  correct relations of triplets and positive quartets 
for a 20-atom model structure 

The positive quartets are given when two cross-vectors alone are within the set of measured reflexions. 

Positive 
Tanh Positive Positive quartets Positive 
arg. Triplets quartets (6) quartets (9) (emp. meth.) quartets (11) 

nr % nr % nr % nr % nr % 
0"4 1315 97"9 22043 94"0 20935 95"1 29965 83"6 10911 99"3 
0.6 1314 97"9 19295 96"3 17151 97"4 21072 89"0 6908 99"8 
0"8 1213 98"8 16941 97"5 13554 98"6 13065 93"2 4421 99"9 
1"0 995 99"7 14898 98"6 10586 99"0 7428 96-1 2945 100 
1"2 765 99-7 13215 98.9 7934 99"1 4244 98.6 1984 100 
1"4 557 100 11866 99"1 5802 99"4 2548 98"9 1399 100 
1"6 395 100 10591 99"4 4254 99"6 1501 99.7 922 100 
1"8 268 100 9560 99"5 3040 99"6 912 100 615 100 
2"1 144 100 7989 99"7 1834 99"8 444 100 356 100 
2-4 84 100 6808 99-8 1126 99"6 192 100 213 100 
2"7 50 100 5781 99"9 630 100 96 100 140 100 
3"0 30 100 4786 99"9 382 100 56 100 68 100 
3"5 12 100 3729 100 191 100 16 100 40 100 
4-0 1 100 2933 100 48 100 15 100 
5"0 1834 100 12 100 8 100 
6"0 1154 100 
7"0 679 100 
8"0 416 100 
9"0 260 100 

10"0 188 100 
15"0 28 100 
20.0 8 100 

Table  4. Number of  relations (nr) and percentage of correct relations of triplets and positive quartets 
for a 20-atom model structure 

The positive quartets are given when all three cross-vectors are within the set of measured reflexions. 

Tanh 
arg. Triplets 

nr % 
0.4 1315 97-9 
0"6 1314 97"9 
0.8 1213 98.8 
1"0 995 99"7 
1.2 765 99.7 
1.4 557 100 
1.6 395 100 
1"8 268 100 
2.1 144 100 
2.4 84 100 
2-7 50 100 
3.0 30 100 
3"5 12 100 
4.0 1 100 
5"0 
6.0 
7.0 
8.0 
9.0 

10.0 
15.0 
20.0 

Positive 
Positive Positive quartets Positive 

qua~ets (3) quartets (8) (emp. meth.) quartets (12) 
nr % nr % nr % nr % 

16604 ~6"9 17020 96"5 19620 90"9 10272 99"8 
15156 98"1 15161 98"2 15940 93"7 7168 99"9 
14016 98"8 12996 98"6 11044 95"9 4976 99-9 
12784 99"2 10733 99"2 7325 97"5 3564 100 
11767 99"5 8512 99"4 4852 98"8 2600 100 
10900 99"6 6508 99"6 3148 99"5 1923 100 
9952 99"8 4900 99-7 2108 99'6 1440 100 
9188 99"8 3740 99"8 1476 100 1092 100 
7943 99"8 2503 99"7 872 100 688 100 
7028 99"9 1620 99"5 552 100 451 100 
6028 99"9 1048 99"2 300 100 324 100 
5275 99"9 688 99"4 148 100 228 100 
4288 99'9 348 100 56 100 124 100 
3520 100 204 100 32 100 72 100 
2388 100 92 100 8 100 36 100 
1652 100 72 100 17 100 
1156 100 48 100 8 100 
792 100 12 100 
560 100 12 100 
424 100 8 100 

88 100 
36 100 
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nevertheless ,  m a y  be re levant  in the p rocedures  for  
crystal  s t ruc ture  solut ion.  

This  suggests tha t  we shou ld  m a k e  separa te  tests 
for  quar te t s  in wh ich  only two cross-vectors  are present  
in the set o f  measu red  reflexions, for  quar te t s  wi th  three  

cross-vectors  present  and  for  negat ive  quar te t s  as well  
as posit ive.  

Equa t i ons  (3)-(7) have  a l ready  been tested by Schenk  
(1975). The  rel iabil i ty of  these expressions  p roved  very 
s imilar  to tha t  o f  the triplets for  negat ive  quar te t s  only" 

Tanh 
arg. 

0.4 
0.6 
0.8 
1.0 

Table  5. Number of relations (nr) and percentage of  correct relations of  triplets and negative quartets 
for a 40-atom model structure 

The negative quartets are given when only two cross-vectors are in the set of measured reflexions. 

Negative 
Triplets quartets (6) 

nr % nr % 
1249 92.6 136 88.2 
1089 94.5 13 100 
741 96-2 
498 98.8 

Negative 
Negative quartets Negative 

quartets (9) (emp. meth.) quartets (11) 
nr % nr % nr % 
235 89.8 32 100 77 89.5 

16 75.0 4 100 8. 100 
8 100 

Tanh 
arg. 

Table  6. Number of  relations (nr) and percentage of  correct relations of triplets and negative quartets 
for a 40-atom model structure 

The negative quartets are given when all three cross-vectors are within the set of measurements. 

Triplets 
nr % 

0.4 1249 92.6 
0.6 1089 94"5 
0.8 741 96.2 
1-0 498 98.8 
1.2 344 99-7 
1-4 223 100 
1.6 144 100 

Negative 
quartets (3) 

nr % 
972 88"5 
227 98.2 

56 100 
4 100 

Negative 
Negative quartets Negative 

quartets (8) (emp. meth.) quartets (12) 
nr % nr % nr % 

1429 85.4 824 90.8 339 95.3 
580 92.4 140 100 76 100 
180 97.8 32 100 20 100 
68 100 4 100 
2O 100 

4 100 

Tab le  7. Number of  relations (nr) and percentage of  correct relations of  triplets and positive quartets 
Jbr a 40-atom model structure 

Positive quartets are given when only two cross-vectors are within the set of measurements. 

Tanh 
arg. Triplets 

nr % 
0-4 1249 92.6 
0.6 1089 94.5 
0.8 741 96.2 
1-0 498 98.8 
1.2 344 99.7 
1.4 223 100 
1.6 144 100 
1'8 107 100 
2.1 51 100 
2.4 32 100 
2-7 16 100 
3.0 11 100 
3.5 4 100 
4-0 4 100 
5.0 2 100 
6.0 
7-0 
8.0 
9-0 

10.0 
15-0 
20.0 

Positive 
Positive Positive quartets Positive 

quartets (6) quartets (9) (emp. meth.) quartets (11) 
nr % nr % nr % nr % 

14964 90.3 10397 92.8 9813 87.4 4622 98-3 
11782 92.6 7774 95.1 3519 92-8 2616 99.2 
9367 95.2 5772 96.6 1438 95.8 1613 99.8 
7709 96.1 4218 97.5 636 99.4 1054 100 
6417 96.7 3075 98.2 300 100 737 100 
5291 97.3 2238 98.7 148 100 519 100 
4586 98.3 1632 98.8 96 100 363 100 
3915 98.5 1188 99.3 48 100 268 100 
3184 98.6 775 100 24 100 179 100 
2587 99.2 550 100 12 100 139 100 
2160 99.3 363 100 12 100 100 100 
1833 99-8 240 100 8 100 64 100 
1381 100 127 100 23 100 
1050 100 56 100 23 100 
666 100 16 100 4 100 
427 100 12 100 
295 100 4 100 
190 100 
160 100 
120 100 
24 100 

4 100 
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t h e  r e l i ab i l i t y  o f  t he  pos i t i ve  ones  w a s  o v e r e s t i m a t e d .  
F o r  t he  l a t t e r  t he  r e l i a b i l i t y  w a s  b e t t e r  e s t i m a t e d  by  
S c h e n k  by  m e a n s  o f  e m p i r i c a l l y  d e r i v e d  we igh t s .  I t  
s eems  use fu l ,  t h e r e f o r e ,  to  c o m p a r e  t he  p r o b a b i l i s t i c  
resu l t s  d e r i v e d  h e r e  w i t h  S c h e n k ' s  e m p i r i c a l  m e t h o d  

a n d  the  t r ip l e t  r e l a t i o n s h i p s .  As  t he  p r o b a b i l i t y  t h a t  a 
t r i p l e t  has  a pos i t i ve  s ign is g iven  by  

P+___½+½ t a n h  IEhE,,Eh+,,I 
l /N ' 

T a b l e  8. Number of relations (nr) and percentage of correct relations of triplets and positive quartets 
for a 40-atom model structure 

The positive quartets are given when all three cross-vectors are in the set of measurements. 

Tanh 
arg. Triplets 

nr % 
0.4 1249 92.6 
0.6 1089 94.5 
0.8 741 96-2 
1.0 498 98-8 
1.2 344 99.7 
1.4 223 100 
1.6 144 100 
1.8 107 100 
2.1 51 100 
2-4 32 100 
2.7 16 100 
3.0 11 100 
3.5 4 100 
4.0 4 100 
5.0 2 100 
6.0 
7-0 
8-0 
9.0 

10.0 
15.0 
20.0 

Positive 
Positive Positive quartets Positive 

quartets (3) quartets (8) (emp. meth.) quartets (12) 
nr % nr % nr % nr % 

11524 90.4 8324 91.4 8465 89.7 4641 98.0 
9560 93"3 6729 94.8 3608 94.5 2812 98-7 
8116 94.6 5432 96.6 1648 97.1 1760 99.3 
6919 96"2 4296 97.7 840 98.1 1116 100 
5972 97-3 3408 98.6 421 99.0 765 100 
5156 98.0 2605 98.9 256 100 516 100 
4561 98-1 1980 99.2 164 100 368 100 
4072 98.5 1512 99.2 128 100 289 100 
3328 98.7 1013 99.6 65 100 184 100 
2793 98.9 724 100 36 100 149 100 
2340 99.3 480 100 12 100 124 100 
1980 99.4 340 100 5 100 76 100 
1461 99.7 185 100 4 100 61 100 
1116 100 108 100 4 100 45 100 
668 100 36 100 12 100 
436 100 8 100 4 100 
304 100 4 100 
205 100 4 100 
164 100 4 100 
140 100 4 100 
48 100 
12 100 

T a b l e  9. Number of relations (nr) and percentage of correct relations of triplets and negative quartets 
for a 60-atom model structure 

Negative quartets are given when only two cross-vectors are in the set of measurements. 

Tanh 
arg. Triplets 

nr % 
0.4 1985 90.1 
0.6 1897 90.5 
0.8 1376 94-2 
1.0 879 96.9 
1-2 573 98.6 
1"4 342 98.5 

Negative 
Negative Negative quartets Negative 

quartets (6) quartets (9) (emp. meth.) quartets (11) 
nr % nr % nr % nr % 

251 79.4 387 83.5 75 94.7 141 85.7 
32 100 43 100 4 100 

Tanh 
arg. 

0.4 
0.6 
0.8 
1-0 
1.2 
1-4 
1"6 

T a b l e  10. Number of relations (nr) and percentage of correct relations of  triplets and negative quartets 
for a 60-atom model structure 

Negative quartets are given when all three cross-vectors are within the set of measurements. 

Negative 
Negative Negative quartets Negative 

Triplets quartets (3) quartets (8) (emp. meth.) quartets (12) 
nr % nr % nr % nr~ % nr % 
1985 90.1 1773 84.0 3176 76.7 1433 87.4 711 87.6 
1897 90.5 356 94.4 885 91.0 216 94.4 116 100 
1376 94.2 112 100 248 96.8 64 93.8 36 100 

879 96.9 36 100 80 100 16 100 16 100 
573 98.6 8 100 36 100 4 100 
342 98.5 8 100 
218 100 
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the  reliabilit ies o f  triplets and  quar te ts  may  be com-  
pared,  giving the n u m b e r  and  the  percentage  of  the 
correct  ones above  the co r re spond ing  values of  the 
a rgumen t s  of  the hyperbol ic  tangent .  The  n u m b e r  and  
percentage  of  the  correct  re la t ions accord ing  to the 
empir ica l  m e t h o d  are ob ta ined  with the weights  used 

by Schenk  (1975). In  order  to check the fo rmulae  as a 
func t ion  of  the  s tructural  complexi ty  we have  tested 
four  mode l s  wi th  N = 2 0 , 4 0 , 6 0 , 1 0 0 "  the  o u t c o m e  is 
shown  in Tables 1-17. 

The  tables suggest that" 
(a) the  es t imate  of  terms o f  o rder  1IN 2 improves  the  

Tanh 
arg. 

0"4 
0"6 
0"8 
1"0 
1-2 
1.4 
1-6 
1"8 
2"1 
2"4 
2-7 
3"0 
3"5 
4"0 
5.0 
6"0 
7"0 
8"0 
9"0 

10"0 
15"0 
20.0 

Table  11. Number of  relations (nr) and percentage of  correct relations of  triplets and positive quartets 
for a 60-atom model structure 

Positive quartets are given when only two cross-vectors are within the set of measurements. 

Positive 
Positive Positive quartets Positive 

Triplets quartets (6) quartets (9) (emp. meth.) quartets (11) 
n~ % nr % nr % nr % nr % 
1985 90.1 30232 83"7 28089 84"7 15467 81-5 7163 95.6 
1897 90.5 22506 87.3 19515 88.6 3800 90-1 3447 98.0 
1376 94.2 17087 89.9 13315 91.6 1120 93.9 1880 98.1 
879 96.9 13321 92.1 9591 93-8 344 98-8 971 99.6 
573 98.6 10629 93.9 6840 95.3 96 100 604 99.3 
342 98-5 8647 95.2 4832 96.2 24 100 372 98.9 
218 100 7054 95"7 3347 97"4 12 100 212 100 
137 100 5811 96.2 2436 98.5 4 100 167 100 
70 100 4396 97.1 1552 98.5 4 100 84 100 
33 100 3424 98.0 955 99.6 55 100 
22 100 2664 98.6 592 99"3 27 100 
10 100 2187 98.4 356 100 12 100 
6 100 1443 98.9 148 100 4 100 
3 100 972 99.6 67 100 

511 99.2 20 100 
280 98.6 4 100 
188 100 4 100 
107 100 
76 100 
48 100 

3 100 

Table  12. Number of  relations (nr) and percentage of  correct relations of  triplets and positive quartets 
for a 60-atom model structure 

Positive quartets are given when all three cross-vectors are within the set of measurements. 

Tanh 
arg. Triplets 

nr % 
0"4 1985 90"1 
0"6 1897 90"5 
0"8 1376 94"2 
1"0 879 96"9 
1"2 573 98"6 
1"4 342 98.5 
1"6 218 100 
1.8 137 100 
2.1 70 100 
2.4 33 100 
2.7 22 100 
3.0 10 100 
3.5 6 100 
4.0 3 100 
5.0 
6.0 
7-0 
8.0 
9.0 

10.0 
15.0 
20.0 

Positive 
Positive Positive quartets Positive 

quartets (3) quartets (8) (emp. meth.) quartets (12) 
nr % nr % nr % nr % 

27277 84"1 26745 85"0 14615 83"7 8240 95-5 
21732 87"3 20384 89"1 4504 90.9 4205 98.0 
17260 89"3 15109 92"1 1576 92.4 2604 98"2 
13740 92.1 11236 94"8 703 96"6 1613 98"3 
11200 94"4 8532 96.1 284 97.2 1084 97"8 
9352 95"0 6220 96"4 128 96"9 684 98"8 
8025 95"6 4649 97-0 88 100 500 98"4 
6672 96"5 3594 98"0 29 100 437 9g'2 
5116 97"3 2328 98.1 20 100 284 100 
4148 98"1 1633 98"3 9 100 217 100 
3424 98.0 1088 97"4 8 100 153 100 
2877 98"1 760 98.4 96 100 
2201 98"4 384 100 72 100 
1596 98"2 261 100 20 100 
1005 97"6 112 100 4 100 
608 98"7 24 100 4 100 
448 .98"2 16 100 
289 100 8 100 
240 100 8 100 
164 100 
41 100 

4 100 
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rel iabi l i ty  of  the posi t ive quar te t s  given by  (3) and  (6). 
The  differences, nevertheless,  are no t  e n o u g h  to give 
to the posi t ive quar te t s  re l iabi l i ty  levels c o m p a r a b l e  
wi th  those  of  the tr iplets.  Nega t ive  quar te ts ,  on the 
o ther  hand ,  seem bet ter  es t imated  by (3) and  (6). 

(b) In  spite of  its l imi ta t ions ,  Schenk ' s  empir ica l  
m e t h o d  seems preferable  to the theore t ica l  p robabi l i s t ic  
fo rmulae  inc lud ing  terms of  order  1/N z. We shou ld  
expect  t ha t  the  inc lus ion  in the probabi l i s t i c  a p p r o a c h  
of  te rms of  order  h igher  t han  1IN 2 will improve  the 
re l iabi l i ty  of  the quar te ts .  The  new probabi l i s t i c  for- 
mulae ,  nevertheless,  wou ld  become ra the r  difficult  to 
deal  with,  which  wou ld  d i scourage  the use of  quar te t s  

in direct  p rocedures  for  phase  solu t ion .  A bet ter  ap- 
p roach  wou ld  be tha t  o f ' s av ing  the basic  probabi l i s t ic  
ou tcome  given by (3) and  (6) and  rescal ing p robab i l i t y  
values  by  sui table  empir ica l  factors.  The  exper imenta l  
resul ts  shown  in Tables  1-17 suggest  t ha t  

P + ' ~ ± + ~ - t a n h  1 [EhEkEiEh+k+ll - - 2  2 N 

(E~+k  + E ~ + I -  1) 
× l+3tanh[(E~+k+E~+j)/2] '  (11) 

when  two only  cross-vectors  are in  the set o f  measured  
reflexions, and  

Table  13. Number of  relations (nr) and percentage of  correct relations of  triplets and positive quartets 

Tanh 
arg. Triplets 

nr % 
0.2 1653 87.1 
0.4 1653 87.1 
0.6 1322 89.5 
0"8 770 93"2 
1.0 424 95.0 
1.2 216 97.2 
1.4 123 98.4 
1.6 71 100 
2.0 20 100 
2.4 4 100 
2.8 1 100 
3.2 
3"4 
3-8 
4.2 
4.6 

for a lO0-atom model structure 
Two cross-vectors in measurements Three cross-vectors in measurements 

Positive Positive 
quartets Positive quartets Positive 

(emp. meth.) quartets (11) (emp. meth.) quartets (12) 
nr % nr % nr % nr, % 

103301 69.4 32623 87.4 51812 72.6 21573 88.2 
9319 79.7 9178 95.0 6264 82.4 6822 94.9 
1072 88-4 3174 97.9 1020 88.6 2570 97-7 
224 94.6 1291 100 172 88.4 1063 99.6 

48 100 628 100 60 80.0 576 99.3 
20 100 276 100 12 66.7 240 100 

136 100 4 100 108 100 
56 100 52 100 
16 100 20 100 
4 100 4 100 

Table  14. Total numbers of  relations (nr) and percent- 
ages of  correct relations for a 20-atom model structure 
Tanh Quartets Quartets 
arg. Triplets (emp. meth.) [(11), (12)1 

0"4 
0.6 
0"8 
1.0 
1-2 
1"4 
1"6 
1.8 
2.1 
2.4 
2"7 
3"0 
3.5 
4.0 
5.0 
6.0 
7.0 
8.0 
9"0 

10.0 
15.0 

nr % nr % nr % 
1315 97"9 53413 86.9 23547 99.1 
1314 97.9 38468 91"3 14820 99.8 
1213 98.8 24589 94"6 9685 99.9 
995 99-7 14940 96.8 6625 100 
765 99-7 9188 98-7 4640 100 
557 100 5728 99"2 3346 100 
395 100 3629 99.7 2374 100 
268 100 2392 100 1707 100 
144 100 1316 100 1044 100 
84 100 744 100 664 100 
50 100 396 100 464 100 
30 100 204 100 296 100 
12 100 72 100 164 100 

1 100 32 100 88 100 
8 100 44 100 

16 100 
8 100 

Table  15. Total numbers of  relations (nr) and percent- 
ages of  correct relations for a 40-atom model structure 
Tanh Quartets Quartets 
arg. Triplets (emp. meth.) [(11), (12)] 

0"4 
0.6 
0-8 
1.0 
1.2 
1"4 
1"6 
1.8 
2.1 
2.4 
2"7 
3"0 
3.5 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 
15.0 
20.0 

nr % nr % nr % 
1249 92"6 19133 88.5 9679 98.0 
1089 94.5 7271 93.8 5512 99.0 
741 96.2 3118 96.5 3393 99"5 
498 98.8 1480 98.6 2170 100 
344 99.7 720 99"4 1502 100 
223 100 404 100 1035 100 
144 100 260 100 731 100 
107 100 176 100 555 100 

51 100 88 100 363 100 
32 100 48 100 288 100 
16 100 24 100 224 100 
11 100 12 100 140 100 
4 100 4 100 84 100 
4 100 4 100 68 100 
2 100 16 100 

4 100 
4 100 
4 100 
4 100 
4 100 

A C 32A - 6 
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p + , - , ± + l  tanh 1 - 2 2 -~  IEhEkE, Eh+k+d 

(E2h+k + g2+1-11- E2k +1-- 2) 
1 + 3 tanh [(EZh+k+E2+,+E2+,)/3l ' (12) 

Table 16. Total number of  relations (nr) and percent- 
ages of  correct relations for a 60-atom model structure 

Tanh Quartets Quartets 
arg. Triplets (emp. meth.) [(11), (12)1 

nr~ % nri % nr % 
0-4 1985 90.1 31591 82.8 16255 95.1 
0"6 1897 90.5 8520 90.7 7772 98.0 
0.8 1376 94.2 2760 93.0 4520 98.1 
1.0 879 96.9 1064 97.4 2600 98.8 
1"2 573 98"6 380 97"9 1692 98"3 
1"4 342 98-5 152 97"4 1056 98"9 
1"6 218 100 100 100 712 98"9 
1"8 137 100 32 100 604 98"7 
2"1 70 100 24 100 368 100 
2"4 33 100 8 100 272 100 
2"7 22 100 8 100 180 100 
3"0 10 100 108 100 
3"5 6 100 76 100 
4"0 3 100 20 100 
5"0 4 100 
6-0 4 100 
7"0 
8"0 

Table 17. Total number of  relations (nr) and percent- 
age of  correct relations of  triplets and positive quartets 

for a lO0-atom model structure 

Positive Positive 
Tanh quartets quartets 
arg. Triplets (emp. meth.) [(11), (12)] 

nr % nr % nr % 
0.2 1653 87.1 168081 70.2 61140 85.7 
0-4 1653 87.1 16199 80.8 16280 94.8 
0.6 1322 89.5 2128 88.7 5776 97.6 
0.8 770 93.2 396 91.9 2354 99.8 
1.0 424 95.0 108 88.9 1204 99-7 
1,2 216 97.2 32 87.5 516 100 
1.4 123 98.4 4 100 244 100 
1.6 71 100 108 100 
2.0 20 100 36 100 
2-4 4 100 8 100 
2.8 1 100 
3-2 
3.4 
3.8 
4.2 
4'6 

when all three cross-vectors are present, give a good 
measure of  the reliability of  the quartets. As may be 
observed, the percentages of correct quartet  relations 
calculated by (11) and (12) are almost  always better 
than the same percentages of  triplets and of quartet  
relations obtained by Schenk's method. Furthermore,  
the quartets in which two cross vectors are in the set 
of  measurements  prove to be a large percentage of  the 
available quartets. The new formulae allow their use 
since they give reliability levels equal to or better than 
that  of  the triplets. 

Conclusions 

The jo in t  probabil i ty distribution function P(Eh, Ea, 
E1,Eh+k, Eh+bEk+l, Eh+k+l) is explored up to the 
terms of  order 1/N 2. The reliability of  quartets is im- 
proved, but is not yet comparable  with that of  triplets. 

Some new formulae are proposed which rescale the 
basic probabil ist ic laws by suitable empirical  factors. 
The experimental  tests are satisfactory: in four model 
structures the observed reliability of  the quartets is 
almost  always higher than that of  the triplets. The 
simplicity of  the modified probabil ist ic formulae sug- 
gests their use in practical procedures in which triplets 
and quartets are used simultaneously. 

The new probabilist ic expressions are compared with 
Schenk's (1975) empirical  weights. Our probabil ist ic 
approach seems to give helpful results in the most dif- 
ficult structures for which the empirical  method may 
fail. 
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